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We investigate the purely spatial Lagrangian coordinate transformation from the Lagrangian to
the basic Eulerian frame. We demonstrate three techniques for extracting the relativistic displace-
ment field from a given solution in the Lagrangian frame. These techniques are (a) from defining
a local set of Eulerian coordinates embedded into the Lagrangian frame; (b) from performing a
specific gauge transformation; and (c) from a fully non-perturbative approach based on the ADM
split. The latter approach shows that this decomposition is not tied to a specific perturbative for-
mulation for the solution of the Einstein equations. Rather, it can be defined at the level of the
non-perturbative coordinate change from the Lagrangian to the Eulerian description. Studying such
different techniques is useful because it allows us to compare and develop further the various ap-
proximation techniques available in the Lagrangian formulation. We find that one has to solve the
gravitational wave equation in the relativistic analysis, otherwise the corresponding Newtonian limit
will necessarily contain spurious non-propagating tensor artefacts at second order in the Eulerian
frame. We also derive the magnetic part of the Weyl tensor in the Lagrangian frame, and find that
it is not only excited by gravitational waves but also by tensor perturbations which are induced
through the non-linear frame-dragging. We apply our findings to calculate for the first time the
relativistic displacement field, up to second order, for a ΛCDM Universe in the presence of a local
primordial non-Gaussian component. Finally, we also comment on recent claims about whether
mass conservation in the Lagrangian frame is violated.
I. INTRODUCTION
Newtonian perturbation theory has been quite success-
ful in describing the (mildly) non-linear regime of cos-
mological structure formation. Its basic idea is to de-
scribe the cold dark matter (CDM) distribution of the
Universe as an irrotational and pressureless fluid; inside
the Newtonian regime the fluid evolution is governed by
the Euler-Poisson system. Perhaps the most well-known
approach is dubbed (Newtonian) Eulerian perturbation
theory (NEPT) [1], where the Euler-Poisson system is
solved with a perturbation Ansatz for the density and
velocity fields. An alternative way to solve the Euler-
Poisson system is to transform it to Lagrangian space,
where the observer follows the gravitationally induced
displacement of a given fluid element. This approach
has only a single “perturbation parameter” which is the
said displacement (field), and the approach is called La-
grangian perturbation theory (NLPT) [2–9]. Depending
on the specific application, either the Eulerian or La-
grangian picture could be favourable, although the La-
grangian approach contains always more non-linear in-
formation, and the Lagrangian series is expected to have
better convergence properties, i.e., the Lagrangian solu-
tion remains significantly longer time-analytic as com-
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pared to the Eulerian solution [8].1
In the last 20 years it has become very fruitful to apply
the Eulerian and Lagrangian approach also to General
Relativity (GR) [10–18]. In contrast to the displacement
field in the Newtonian theory, its relativistic counterpart
is generally not only spatial but also contains a time-like
part [19]. Indeed, GR allows for an infinite class of 4-
displacements, and each displacement is associated with
a given Eulerian frame [16–18] (see below for a definition
of Eulerian frame). The Eulerian frame to choose is the
one in which the actual physical quantities (the observer
wants to describe) can be most easily interpreted. So
the choice of the Eulerian frame fixes the 4-displacement
and vice versa, whereas the Lagrangian frame is uniquely
identified with a synchronous/comoving coordinate sys-
tem [19]. The (relativistic) Eulerian frame, on the other
hand, can be identified with any gauge or local coordinate
system where the spatial gauge-coordinate can be identi-
fied with a Eulerian field coordinate, x(t, q) = q+F (t, q),
where x is the said Eulerian field coordinate in that
gauge, q the Lagrangian label (i.e., the spatial coordi-
nate in the synchronous/comoving gauge), and F the
Lagrangian displacement [18]. Speaking in the language
1 That only NLPT breaks down at shell-crossing but not NEPT
is an unfortunate and common misunderstanding. Both NLPT
and NEPT are fluid descriptions based on the Euler-Poisson sys-
tem, so both NLPT and NEPT break down when fluid particle
trajectories begin to intersect, simply because the single-stream
approximation breaks down.
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2of gauge transformations, we can define a specific Eule-
rian frame in a two-stage process. First, starting from
the unique Lagrangian frame, any Eulerian frame can
be obtained with a spatial gauge transformation which
removes the longitudinal and transverse part from the
spatial Lagrangian metric. Roughly speaking, the dis-
placement field F carries this longitudinal and transverse
information away from the spatial Lagrangian metric; as
a consequence, the Newtonian part of the density and
velocity agrees with the findings in NEPT. Second, a
specific Eulerian frame is obtained when fixing the tem-
poral gauge condition between the Lagrangian and the
Eulerian frame. Needless to say, this also fixes the time-
component of the 4-displacement field.
Thus, relativistic Eulerian frames differ in general from
each other because of the different used temporal gauge
conditions. Consequently, in order to get the closest
possible correspondence to Newtonian cosmology, it is
often preferential to fix the 4-displacement field to be
only of spatial nature, i.e., to use the (unique!) Eulerian
frame where the time-displacement is vanishing [17]. A
very important example where a 3-displacement is pre-
ferred are cosmological N -body simulations. They usu-
ally require the validity of the Newtonian theory and thus
also assume an overall cosmological time (i.e., no time-
displacement). Certainly, we know from GR that there
is no universal time, and consequently the Newtonian
theory is nothing but an approximation of the complete
relativistic theory. On the other hand, developing fully
relativistic N -body simulations seems to be hopeless in
the following years, so the recent folkore is rather to mod-
ify existing Newtonian simulations, and to include rela-
tivistic corrections in a qualitative way there (e.g., by
demanding relativistic initial conditions as in [16–18]).2
In this paper, we study the basic Eulerian frame in de-
tail, i.e., the one where the temporal component of the 4-
displacement is zero (and one obtains the Newtonian part
of the Eulerian density field). To obtain the resulting 3-
displacement we shall use three different ways—not only
to clarify the connection to recent/past investigations in
the literature, but also to obtain a deeper physical under-
standing. Since the temporal gauge condition is in these
three approaches identical, we arrive at a unique Eulerian
frame, which we call the basic Eulerian frame. We try to
keep the technical level in the main text to a minimum,
and refer the interested reader to the rich appendix, espe-
cially Appendix A where we give essential tools to extract
the displacement field from a given 3-metric at arbitrary
perturbative order. In the main text, we specifically focus
on the generation and evolution of secondary tensor per-
turbations (for the inclusion of primordial tensor pertur-
bations, see the Appendix B). Crucially, if the dynamical
evolution of the tensor perturbations is not accounted for,
spurious tensor artefacts occur in the Newtonian limit at
2 See however recent attempts to conduct quasi-relativistic N -
body simulations in the weak-field limit [20].
second order. On the other hand, including the dynami-
cal evolution of the tensors in the analysis, some second-
order tensor perturbations (∝ a2) which seem to be of
“Newtonian origin” cancel out, and only pure gravita-
tional waves and non-dynamical relativistic tensor per-
turbations (∝ a) survive. Transforming the Lagrangian
metric to the Poisson gauge, which is another Eulerian
frame, also this relativistic tensor contribution cancels
out; in the tensor sector of the Poisson gauge, all that is
left are (primary and) secondary gravitational waves (see
Appendix C).
This paper is organised as follows. In section II we in-
troduce some useful notations and report the solutions for
the Lagrangian frame. Section III is devoted to the cal-
culation of the displacement field in the three aforemen-
tioned approaches. In particular, section III A deals with
the calculation in a local Eulerian coordinate system (i.e.,
it is embedded in the synchronous/comoving coordinate
system), in III B we use a specific gauge transformation
to obtain the displacement field in terms of the spatial
gauge generator of that transformation, and in III C we
describe the non-perturbative approach which relies on
the Arnowitt-Deser-Misner (ADM) decomposition [21].
In section IV we derive the magnetic part of the Weyl
tensor to verify that our solutions are fully relativistic,
and to show that it is excited by tensor perturbations
and vector perturbations, where the latter is commonly
referred to the frame dragging (see Refs. [18, 22]). In sec-
tion V we comment on recent claims about whether mass
conservation in the Lagrangian frame is violated. All for-
mer sections are restricted to an Einstein-de Sitter Uni-
verse (EdS; a matter dominated Universe with vanishing
cosmological constant and no global curvature), for sim-
plicity. Then, in section VI, we generalise our findings to
a ΛCDM Universe with a primordial component of local
non-Gaussianity. We conclude in section VII.
We wish to summarise some essential results briefly
at this stage. At initial time, where the impact of the
cosmological constant Λ should have negligible impact, it
is often sufficient to restrict to an EdS Universe. Then,
with the use of the non-linear initial conditions (60), we
find the following 3-displacement and density contrast3
Fa(t, q) =
3
2
at20ϕ|a −
(
3
2
)2
3
7
a2t40
∂a
∇2µ2
+
3
2
at20
(
fNL − 5
3
)
∂aϕ
2 + 5at20
(
C|a +Ra
)
,
(1)
3 As usual, a(t) is the cosmological scale factor as a function of
cosmic time, and fNL denotes a primordial contribution of local
non-Gaussianity. Furthermore, we denote ϕ as the Gaussian ini-
tial potential given at some time t0, µ2 = [(∇ϕ)2 − ϕ|abϕ|ab]/2
is the second-order kernel from NLPT, C = 3∇−2q ∇−2q µ2/2 +
∇−2q Φ|aΦ|a/2 and Ra =∇−2q (Φ|a∇2qΦ−Φ|abΦ|b−2∂a∇−2q µ2)
are kernels with purely relativistic origin, where ∇−2q is the in-
verse of the spatially flat Laplacian.
3δ(t, q) = −3
2
at20∇2qϕ− 3at20
[(
fNL − 5
3
)
ϕ∇2qϕ
+
(
fNL +
5
12
)
ϕ|aϕ|a
]
+
(
3
2
)2
a2t40
[
5
7
(∇2qϕ)2 +
2
7
ϕ|abϕ|ab
]
, (2)
where q are the Lagrangian coordinates. For the
magnetic part of the 4-Weyl tensor in a synchronous-
comoving coordinate system, Hµν , we find that only its
following space-space components are non-vanishing
Hms(t, q) = ε(m
ab
(
a
2
∼˙
pi
waves
bs)|a + 4
√
at0∇−2q
[
ϕ|as)∇2ϕ|b
− ϕ|acϕ|c|bs)
])
, (3)
where the first term denotes secondary gravitational
waves (i.e., induced through first-order scalar perturba-
tions), and the round bracketed term arises through the
non-linear frame-dragging.
Index notation: We use greek letters α, β, . . . to indi-
cate space-time indices, latin letters i, j, . . . , to indicate
any spatial coordinates, and a, b, . . . , for spatial La-
grangian coordinates. We denote qa as the Lagrangian
coordinate, which labels the initial position of a given
fluid element. The Eulerian coordinate is xi. A komma
“,i” denotes a partial differentiation w.r.t. any spatial co-
ordinate xi, whereas a slash “|a” denotes a partial differ-
entiation w.r.t. the Lagrangian coordinate qa. Summa-
tion over repeated indices is assumed. If not otherwise
stated, indices are raised and lowered with the Kronecker
delta. Dots denote partial derivatives w.r.t. cosmic time.
We set c = 1. Furthermore, in case of possible con-
fusion, we label quantities with an L or E to indicate
whether they are Lagrangian or Eulerian, respectively.
Sometimes, for notational simplicity, we write 1/∇2 in-
stead of ∇−2 = ∆−1 for the inverse of the spatially flat
Laplacian. Terms decorated with the inverse Laplacian
are thus understood to be formal solutions of the Laplace
operator.
II. LAGRANGIAN FRAME: DEFINITIONS
AND SOLUTIONS
We begin with the definition of the comov-
ing/synchronous line element which is
ds2 = −dt2 + a2(t) γab(t, q) dqa dqb , (4)
where t is the proper time of the fluid element, and a(t) is
the cosmological scale factor, i.e., we assume cosmologi-
cal perturbations on an Friedmann-Lemaˆıtre-Robertson-
Walker (FLRW) background. The spatial coordinate q
is constant in time, hence it labels the initial position of
a fluid element. This defines the Lagrangian frame.
Before deriving the Lagrangian displacement field (see
the following sections), we introduce the relativistic solu-
tion in a synchronous/comoving coordinate system. Here
we only review and not explicitly re-derive the well-
known solutions for an irrotational dust model; explicit
derivations can be found in e.g. [15–18, 23, 24]. Here
and in sections III and IV we assume the linear initial
conditions. In a gradient expansion [25], the linear lini-
tial conditions are equivalent to the following initial seed
metric
k
(1)
ab (q) = δab
[
1 +
10
3
Φ(t0, q)
]
, (5)
where Φ(t0, q) is the primordial potential, here just a
Gaussian random field for simplicity, given at some initial
time t0. For notational simplicity, we shall suppress its
dependence in the following when there is no confusion.
Note that we choose the above linear initial conditions
to clarify the connection with the former literature (e.g.,
[15, 23, 24]). In section VI, when we include primordial
non-Gaussianity in a ΛCDM Universe, we shall use non-
linear initial conditions, which are more commonly used
in recent investigations (e.g., [27–29]).
Using the linear initial conditions (5), it is straight-
forward to obtain the relativistic solution for the syn-
chronous/comoving metric by the use of standard per-
turbation theory [24] or by the gradient expansion tech-
nique [16]. For example, by the use of the gradient expan-
sion technique, one calculates the (non-)linear response
of Einstein’s equations by the use of the seed metric (5),
thus approximating the synchronous/comoving metric in
an increasing number of (two) spatial gradients, order by
order. The resulting Lagrangian solution up to second
order (i.e., approximating up to four spatial gradients),
for an EdS Universe, is
γab(t, q) = k
(1)
ab + 3a(t)t
2
0
[
Φ|ab
(
1− 10
3
Φ
)
− 5Φ|aΦ|b
+
5
6
δabΦ|cΦ|c
]
−
(
3
2
)2
3
7
a2(t)t40
[
4Φ|ab∇2qΦ− 2δab µ2
]
+
(
3
2
)2
19
7
a2(t)t40 Φ|acΦ
|c
|b + piab , (6)
where we have ignored first-order vector and first-
order tensor perturbations, and we have defined µ2 :=
1/2 [(∇2Φ)2 − Φ|cdΦ|cd). For an EdS Universe we have
a(t) = (t/t0)
2/3. Formally departing from the gradient
expansion technique and instead insisting on the stan-
dard perturbation theory, we evaluate the time evolu-
tion of the traceless and divergenceless tensor piab ≡ pi(2)ab
4(which includes secondary gravitational waves and non-
propagating tensor perturbations) by solving the wave
equation
p¨iab +
2
t
p˙iab − 1
a2
∇2qpiab =
27
14
t40∇2qSab , (7)
where we have defined the traceless and divergenceless
source term (the “tensor part”)
Sab(q) = ∂a∂b∇2q
µ2 + δabµ2 − 2
(
Φ|ab∇2qΦ− Φ|acΦ|c|b
)
,[
∂aSab = Saa = 0
]
. (8)
The solution of the wave equation (7) can be derived by
the use of Green’s method and is found to be [24]
piab(t, q) = −27
14
a2t40 Sab(q)−6at20∇−2q Sab(q)+ ∼piab (t, q) ,
(9)
where
∼
piab≡∼pi(2)ab =∼pi
const
ab +
∼
pi
waves
ab includes a constant
term,
∼
pi
const
ab ∝ ∇−2q ∇−2q Sab, and another one which de-
notes gravitational waves,
∼
pi
waves
ab ; its explicit form is not
needed here, but see for example Eq. (4.38) in [24]. Note
again that piab contains only tensor perturbations, but
only
∼
piab are truly gravitational waves.
It is generally impossible to derive the wave equa-
tion (7) within the gradient expansion technique at any
order, since the term ∇2qpiab (but also the source term on
the RHS) is always of higher order compared to piab. Ex-
plicitly, at leading order in a spatial gradient expansion,
we obtain from the tracefree part of Einstein’s equations
p¨iab+
2
t p˙iab ' 0. As a consequence, no gravitational waves
are generated at any order in the gradient expansion, and
the time evolution of generic tensor perturbations differs
from the one as obtained from (7). Thus, the gradient ex-
pansion fails in predicting the tensor perturbations inside
the horizon since it is indeed a long-wavelength approxi-
mation. As a necessary consequence, the gradient expan-
sion technique and standard perturbation theory gener-
ally disagree in the tensor sector. Since we are mainly
interested on scales close to the horizon, we choose to
evaluate the time evolution of the tensor perturbations
not with the gradient expansion technique but with stan-
dard perturbation theory. Thus, after having derived
Eq. (6), e.g., by the use of the gradient expansion, we
obtain the time evolution of the tensor perturbations by
plugging this solution into the ij component of Einstein’s
equations, see the Appendix B.
Note that the metric (6) contains intrinsic tensor per-
turbations even if we neglect the pure tensor perturba-
tions piab. To make this (for the second-order Newtonian
terms) explicit, we can use Eq. (8) and rewrite our met-
ric (6) to
γab(t, q) = k
(1)
ab + 3a(t)t
2
0
[
Φ|ab
(
1− 10
3
Φ
)
− 5Φ|aΦ|b + 5
6
δabΦ|cΦ|c
]
−
(
3
2
)2
6
7
a2(t)t40
[
∂a∂b
∇2q
µ2 − Sab
]
+
(
3
2
)2
a2(t)t40 Φ|acΦ
|c
|b + piab . (10)
Here, notice the occurrence of the intrinsic tensor pertur-
bation ∝ a2Sab, which originates from the second-order
“Newtonian” terms in (6). (Of course, also the non-linear
terms in the first line of (10) excite tensor perturba-
tions, which we shall derive below.) Again, the excitation
of these non-propagating tensor perturbations arises be-
cause of the non-linear terms in γ¯ab ≡ γab−piab. Although
it is well-known that non-linear terms excite tensor per-
turbations [30, 31], it is less understood what happens
with these non-propagating tensor perturbations when
transformed to a Eulerian frame. In particular, the New-
tonian limit of GR would be spoiled if there are sur-
viving tensor perturbations. As we shall see, the non-
propagating tensor perturbations disappear in a certain
Eulerian frame entirely (namely in the Poisson gauge),
but only if we solve for the gravitational waves according
to the evolution equation (7). Since it is impossible to
derive such an evolution equation within the gradient ex-
pansion technique, Newtonian tensor perturbations sur-
vive and thus spoil the Newtonian limit in any frame.
Thus, it is impossible to arrive at the Newtonian limit
in the tensor sector within the gradient expansion tech-
nique.
We shall get more insight about tensor perturbations
by transforming the Lagrangian solution (6) to a local
Eulerian coordinate system, i.e., by choosing a convenient
(a triad) decomposition, see the following section. Before
doing so, we calculate the density for the metric (6)
δ(t, q) '
√
det[k
(1)
ab ]
det[γab]
− 1
' −3
2
at20∇2qΦ +
(
3
2
)2
a2t40F
L
2 (q)
+ 3at20
(
5
4
Φ|aΦ|a +
10
3
Φ∇2qΦ
)
, (11)
where we have neglected an initial density perturbation
δ0 (see Eq. (64) and the related footnote 10 later in the
text)
FL2 (q) =
[
5
7
(∇2qΦ)2 +
2
7
Φ|abΦ|ab
]
. (12)
The first term on the RHS in (11) denotes the density in
the Zel’dovich approximation, the term proportional to
5the round brackets denotes relativistic corrections which
are suppressed on small scales and late times, and the
square bracketed term is proportional to the second-
order density field in NLPT. Equation (11) agrees with
Eq. (4.39) in Ref. [24], where their growth function has
to be replaced according to τ2/6 → 3/2at20, and their ϕ
is our −Φ.
III. LAGRANGIAN DISPLACEMENT FIELD
Although not directly apparent, the above metric (6)
contains the Lagrangian solution together with its La-
grangian displacement. In this section, we describe three
different approaches to obtain the unique 3-displacement
field derived
• III A: in a local Eulerian coordinate system;
• III B: from a specific Eulerian gauge transforma-
tion;
• III C: by the use of the ADM formalism.
In Fig. 1 we show a simplistic sketch that compares the
first two approaches. They are both perturbative. The
third approach is the non-perturbative generalisation of
the second approach.
Having three different techniques to obtain the iden-
tical (perturbative) result might seem to be superfluous.
Our motivation to present them all is to demonstrate that
we obtain a consistent picture of relativistic Lagrangian
perturbation theory. Moreover, the following section also
clarifies different approaches which were already used in
the literature, and, where possible, we further develop
these used techniques.
Let us briefly make an important technical comment.
To obtain the displacement field (and other perturba-
tions), we formally expand the perturbations up to sec-
ond order according to
T = T (1) + T (2) + . . . , (13)
where T denotes an arbitrary scalar, vector or tensor
quantity. We thus do not approximate such quantities
in a series of spatial gradients but by conventional tech-
niques of standard perturbation theory [16, 31].
A. Perturbative displacement field in local
Eulerian coordinates
Here we obtain the displacement field not by perform-
ing a coordinate transformation but simply by decom-
posing the synchronous/comoving metric, i.e., the La-
grangian frame, in a convenient way. We develop a La-
grangian frame theory where the synchronous-comoving
metric γ is written as γ = GijJ i ⊗J j , where Gij is by
definition not δij . We comment on J i below. Our ap-
proach is fairly similar to the one of Refs. [13, 14], however
in our approach the coframe is not the only dynamical
variable, because our Gij contains the dynamical infor-
mation of the scalar and tensor part of γ.
The spatial metric γab of the synchronous slicing of
Eq. (4) contains scalar, vector and tensor components,
which account in total for 6 physical degrees of freedom.
We find it very convenient to decompose γab as
γab = Gij J ia J jb , (14)
Gij = δij (1− 2B) + χij , (15)
J ia = δia + F i|a , (16)
where B and χij is a scalar and tensor perturbation, re-
spectively, and F i will contain scalar and vector pertur-
bations. The tensor χij is trace- and divergenceless, and
if χij is dynamical, it can be associated with gravita-
tional waves. We comment on the scalar B below. The
Jacobian element J ia describes the inhomogeneous de-
formation of the spatial volume element, caused by the
gravitational evolution of a fluid element on an FLRW
background, and F i is defined as the spatial Lagrangian
displacement field of the spatial coordinate transforma-
tion
x(t, q) = q + F (t, q) , (17)
where q are the Lagrangian coordinates of the syn-
chronous/comoving line element (4), and x is the spatial
field of the local Eulerian coordinate system. We require
scalar initial conditions, and it is because of that that
the scalar B is always non-zero in GR, i.e., it contains at
least a space-dependent contribution, which is associated
with some initial conditions of the scalar type, allocated
from primordial physics. More generally, as we shall see
B can (and will!) contain also time-dependent contri-
butions. These contributions arise from non-linearities
inherent in GR, and they imply generally the loss of a
universal time.
To obtain the displacement field of the metric (6)
within the above decomposition, we use the expres-
sions (14)–(16) up to second order. The relation for the
3-metric is thus up to second order
γab(t, q) ' δab [1− 2B(t, q)] + χab
+ 2F(a|b) [1− 2B(t, q)] + F(c|a)F (c|b) . (18)
Equating this Ansatz for the 3-metric with the solu-
tion (6), we can derive the relativistic displacement field
Fa, the scalar B as well as the tensor χab. To do so
we have to decompose the above tensor equation into
a scalar, solenoidal, transverse and tensor contribution.
Solving these contributions separately at a given pertur-
bative order, we obtain (1) from its divergence-less part
6FIG. 1. Simplistic sketch of the infinitesimal 3-displacement field dF i (denoted as a green arrow) in the local Eulerian coordinates
(LHS; see section III A) and in the Eulerian gauge (RHS, see section III B). The final space-time positions of the fluid element
(green dot) are in both cases the same. On the LHS, we construct local Eulerian coordinates and obtain the final position of
the fluid element on the space-like hypersurface Σt+dt as the superposition of q
i + dF i, where qi is the initial position of the
fluid element (red dot) on Σt. On the RHS, we perform a coordinate/gauge transformation [31] from the synchronous gauge
to the Eulerian gauge. Since this transformation is Lagrangian, the position xi of the fluid element on Σt+dt has been already
displaced/shifted by dF i = −wi/adt. The above can be also interpreted as the active (LHS) and passive (RHS) approach
of a specific gauge transformation, however we prefer to see the LHS as a result of a specific tensor decomposition of the
synchronous/comoving metric, as applied through Eq. (14).
the transverse part of the displacement field; (2) from
its solenoidal part we obtain the longitudinal part of the
displacement field; (3) from its scalar part we obtain the
scalar B. Having then derived all contributions but the
tensor ones, it is simple to (4) extract the tensor parts
by subtraction. We explain in Appendix A in detail how
such a decomposition works. Here we only state the re-
sults from such a decomposition for the local Eulerian
coordinates in the synchronous metric. We find
ds2 = −dt2 + a2(t) [δij (1− 2B) + χij ]
× [δia + F i|a] [δjb + F j |b] dqa dqb ,
(19)
with the solutions
Fa(t, q) =
3
2
at20Φ|a −
(
3
2
)2
3
7
a2t40
∂a
∇2q
µL2
+ 5at20
(
C|a − ∂aΦ2 +Ra
)
, (20)
B(t, q) = −5
3
Φ +
5
2
at20
(
∇−2q µL2 −
1
2
Φ|lΦ|l
)
, (21)
χij =
∼
piij −at20∇−2q Sij , (22)
where we have defined
C =
3
2
∇−2q ∇−2q µL2 +
1
2
∇−2q Φ|aΦ|a ,
Ra = ∇−2q
(
Φ|a∇2qΦ− Φ|abΦ|b − 2
∂a
∇2q
µL2
)
. (23)
The first term on the RHS in Eq. (20) is the Lagrangian
displacement field in the Zel’dovich approximation [2],
the second term is its second-order improvement [1].
Both terms are Newtonian and purely longitudinal. The
bracketed term in Eq. (20) is of purely relativistic origin,
including both longitudinal and transverse contributions,
respectively. The relativistic transverse contribution can
be directly associated with a frame-dragging vector po-
tential [18].4
As mentioned in section II, the scalar space-space per-
turbation B contains the (linear) initial seed (the first
term on the RHS in Eq. (21)), but also contains time-
dependent terms which deform the spatial volume (“vol-
ume dilation”) of the fluid element during the gravita-
tional evolution. In fact, the factor
√
1− 2B can be ab-
sorbed in the background scale factor a(t) → a˜(t˜, q),5
which effectively manifests in a temporal gauge transfor-
mation t→ t˜(t, q); keeping aside the tensor perturbations
for a moment, the resulting 3-metric is spatially flat (i.e.,
we arrive at the spatially flat gauge), but the time coordi-
nate is not the one from the synchronous gauge anymore.
Needless to say, such a temporal gauge transformation
does not change the resulting density contrast δ(t, q), if
its temporal coordinate is interpreted as a function of the
distorted time t˜(t, q).
Now we comment on the tensor perturbation χab,
Eq. (22). It contains two contributions, one being the
gravitational waves and another tensor perturbation
which is not propagating in space. Note the partial can-
cellation of the non-propagating tensor perturbations in
γab (cf. the terms proportional to a
2 and a in Eq. (9)
and Eq. (22)). As mentioned above, this partial cancel-
lation is due to the inherent tensor part in the tensor
4 Although not directly apparent, the kernel C and the transverse
vector Ra, Eqs. (23), are identical with Eq. (29) and Eq. (30) in
[18].
5 This space-dependent scale factor illustrates the locally inhomo-
geneous expansion.
7γ¯ab ≡ γab−piab, i.e., in the 3-metric γab without the pure
tensor tensor perturbation piab, which we wish to report
here explicitly
γ¯Tab ≡ γTab − piab =
27
14
a2t40 Sij + 5at20∇−2q Sij , (24)
where γ¯Tab means the transverse traceless part of γ¯ab (so
we have piTab ≡ piab by definition). The crucial point
about these tensor perturbations in (24) is, that they
arise through (the scalar, vector, tensor decomposition
of) the non-linear terms. Contrary to true gravitational
waves, these tensor perturbations are not propagating in
space as it is the case for
∼
pi
waves
ab . Rather, these tensor per-
turbations are “artefacts”, excited because of the tenso-
rial character of Einstein’s equations. In the Lagrangian
frame, the first tensor perturbation on the RHS in (24)
cancels exactly out with the one from piab, whereas for the
second term only the prefactor changes (cf. Eq. (22)). As
we shall show explicitly in Appendix C, when we trans-
form the Lagrangian solution (6) to the Poisson gauge,
these artefacts disappear entirely such that the diver-
genceless and traceless part of the 3-metric in the Poisson
gauge is just χPoissonij =
∼
pi
waves
ab .
B. Perturbative displacement field from a specific
gauge transformation
Here we show that one can obtain the identical dis-
placement field as above by a conceptionally different
procedure, i.e., here we indeed perform a change of the
coordinate system. This is possible if the latter coordi-
nate system can be identified with a Eulerian frame. We
stick with the same solution γab as above, Eq. (6), and
transform the Lagrangian solution to the Eulerian gauge
where we define the latter with
ds2 = −[1 + 2AE(t,x)]dt2 + 2a(t)wEi (t,x) dtdxi
+ a2(t)GEij(t,x) dx
idxj ,
GEij = δij
[
1− 2BE(t,x)]+ χEij(t,x) ,[
G⊥ij = G
‖
ij = χ
i
i
E
= ∂iχEij = 0
]
.
(25)
and with the coordinate transformation which is in that
specific case
xµ(t, q) = qµ + Fµ(t, q) , (26)
with
xµ =
(
t
x
)
, qµ =
(
t
q
)
, Fµ =
(
0
F
)
.
Note that this is a purely spatial coordinate transforma-
tion, such that the time coordinate t in both coordinate
systems is formally identical. We shall see, however, that
the Eulerian metric will contain a perturbation in its dt2
component anyway (here at second order), i.e., A 6= 0
in general. This is however nothing but the time di-
lation known from special relativity due to the fluid’s
velocity, i.e., the dt2 component in the Eulerian metric
is the proper time. Also note that w contains in this
gauge not only a transverse but also a longitudinal part.
Roughly speaking, the above coordinate transformation
shifts/pushes the longitudinal and transverse parts of the
space-space component to the space-time component w
of the metric. The Eulerian gauge has been indepen-
dently introduced in Ref. [28] and Ref. [18]; in the latter
it has been (misleadingly) labelled as the synchronous-
shear gauge. Also in Ref. [18], it has been shown that
this gauge reproduces at leading order the Newtonian
equations of motion.6
To obtain the displacement field and the perturbations
in the Eulerian gauge, we require the invariance of the
Lagrangian and Eulerian line element which reads in that
case (i.e., the time coordinates are identical)
gµν(t, q) =
∂xµ˜
∂qµ
∂xν˜
∂qν
gµ˜ν˜(t,x) . (27)
Truncating up to second order, the resulting constraints
between the Lagrangian metric (6) and the Eulerian met-
ric (25) are
γLab(t, q) ' δab
[
1− 2BE(t,x)]+ 2FL(a|b)(t, q) (1− 2BE)
+ FLc|aF
L
|b
|c
+ δiaδ
j
bχ
E
ij , (28)
0 ' a2 [1− 2BE] ∂FLa (t, q)
∂t
+ a2FLc|a
∂F cL
∂t
+ awEa (τ,x) + aw
l
EF
L
l|a , (29)
−1 ' −1− 2AE(t,x) + 2awEl
∂F lL
∂t
+ a2
∂FLl
∂t
∂F lL
∂t
,
(30)
where we have suppressed some dependences when there
is no confusion. One should evaluate the above in an
identical coordinate system, e.g., BE(t,x) = BE(t, q +
F ) ' BL(t, q) +BL|aF a + . . .;7 needless to say, when Eu-
lerian [Lagrangian] quantities are derived, the Eulerian
[Lagrangian] spatial dependence is needed. Note also
that all spatial derivatives in (28)–(30) are Lagrangian
except the ones inherent in BE , wEl and χ
E
ij , but such
6 Note that we have removed the residual gauge freedom in the
above defined Eulerian gauge by explictly setting the time gauge
generator in the coordinate transformation (26) to zero. Gener-
ally, the time gauge generator in the Eulerian gauge is a temporal
constant L(q). In reference [26], the temporal displacement has
been chosen (L(q) 6= 0) such that the resulting Eulerian gauge
yields exactly the Newtonian fluid density at leading order. Such
a temporal displacement however complicates the physical inter-
pretation.
7 When we expand the spatial dependences out, we implicitly as-
sume small 3-displacements F . That our findings from this sec-
tion hold also for arbitrary large displacements follows from the
non-perturbative treatment in section III C.
8derivatives are easily transformed to Eulerian ones ac-
cording to ∂/∂qa = J ia∂/∂xi , when needed.
Solving these constraints with the same techniques as
above (see also [18]), we obtain for the spatial gauge gen-
erator, i.e., the 3-displacement field up to second order
FLa (t, q) =
3
2
at20Φ|a(q)−
(
3
2
)2
3
7
a2t40
∂a
∇2q
µL2
+ 5at20
(
C|a − ∂aΦ2 +Ra
)
. (31)
This agrees exactly with our findings in section III A,
where we calculated the displacement field in a local
Eulerian coordinate system, embedded into the syn-
chronous/comoving metric (4). For the components in
the Eulerian line element (25) we obtain
A(t,x) = −1
2
at20Φ,lΦ
,l , (32)
B(t,x) = −5
3
Φ(x) +
5
2
at20
[
∇−2x µE2 +
1
2
Φ,lΦ
,l
]
, (33)
awi(t,x) = −SN,i + ∂i
[
5
3
tΦ2 − 10
3
tC
]
− 10
3
tRi , (34)
χEij =
∼
pi
E
ij −at20∇−2x SEij , (35)
with
∼
pi
L
ab (t, q) = J i aJ j b ∼pi
E
ij (t,x) ,
where SEij as in Eq. (8) but with dependences and deriva-
tives w.r.t. the Eulerian coordinate x, J i a is as defined
in Eq. (16), and
SN = Φ(x) t− 3
2
t
4/3
0 t
5/3∇−2x G2(x) ,
G2 =
3
7
(∇2xΦ)2 + Φ,l∇2xΦ,l +
4
7
Φ,lmΦ
,lm .
(36)
G2 is the well-known second-order EdS kernel for the
velocity field at second order in Newtonian perturba-
tion theory [1]. To calculate Eq. (34), recall that the
Lagrangian time derivative does not commute with the
Eulerian spatial derivative.
The interpretation of these results is as follows. Since
the observer in the Eulerian frame is not comoving with
the fluid element, he/she experiences a different time be-
cause of the time dilation. Actually, −2A is nothing but
the linear peculiar velocity squared. The scalar B con-
sists of the initial condition (here only the linear factor
of −5Φ/3) but also experiences a time-dependent and
fully relativistic corrections (all other terms on the RHS
in (33)). It is because of these relativistic corrections
that we cannot define anymore a global time coordinate,
as demanded in Newtonian physics.
SN is the potential of the peculiar velocity auN :=
∇xSN from Newtonian perturbation theory up to sec-
ond order [32]. In fact, awi (see Eq. (34)) contains the
information about the velocity field, thus includes the
relativistic contributions uGRi to ui ≡ uNi + uGRi . Addi-
tionally, as we shall see in the following section, awi does
not only contain information about the velocity field, but
also contains the perturbations from the spatial met-
ric Gij . Specifically, we find that wi = −Gijuj , with
ui = a ∂F i/∂t. (Again, note that we lower and raise
indices with the Kronecker delta.)
From the above, it is also easy to derive the corre-
sponding density contrast in the Eulerian gauge. It reads
(cf. Eq. (11))
δ(t,x) = −3
2
at20∇2xΦ +
(
3
2
)2
a2t40F2(x)
+ 3at20
(
5
4
Φ,lΦ
,l +
10
3
Φ∇2xΦ
)
, (37)
where F2 is the second-order kernel from NEPT,
F2(x) =
[
5
7
(∇2xΦ)2 + Φ,l∇2xΦ,l +
2
7
Φ,lmΦ
,lm
]
. (38)
Observe the occurence of the middle term in the last
expression, whereas this term is “missing” in the La-
grangian counterpart, c.f. Eq. (12). This a well-known ef-
fect in Newtonian perturbation theory [1], simply stating
that the Lagrangian and Eulerian mass density are fun-
damentally different quantities. Despite of recent claims
[34, 35], “the mass conservation” is not violated. For a
discussion, see section V.
C. Non-perturbative displacement field from the
ADM decomposition
In the ADM decomposition, the space-time continuum
is split into spatial hypersurfaces Σt of constant time t,
where individual spatial hypersurfaces are seperated by
the lapse function N . The function N i allows to shift
within such a space-like slice. The line element in the
ADM formalism is [9, 21]
ds2 = −N 2dt2 +Gij
(
adxi +N idt) (adxj +N jdt) ,
(39)
with Gij := δij(1−2B)+χij as defined in Eq. (16). Recall
that Gij is generally coordinate dependent. Since we
are modelling irrotational dust, we can set immediately
N := 1 in the metric (39). We then have
ds2 = −dt2 +Gija2
(
dxi +
N i
a
dt
)(
dxj +
N j
a
dt
)
(40)
= −dt2 +Gija2
(
J ia dqa + ∂x
i
∂t
dt+
N i
a
dt
)
×
(
J jb dqb + ∂x
j
∂t
dt+
N j
a
dt
)
. (41)
In the last line we have used the total differential of the
coordinate transformation (17)
dxi = J ia dqa + ∂x
i
∂t
dt . (42)
9Comparing Eq. (41) with Eq. (4) which we repeat here for
convenience
ds2 = −dt2 +Gij(t, qa) aJ ia aJ jb dqa dqb , (43)
we realise that we can identify the Lagrangian frame if
we set in the line element (41)
N i
a
:= −∂x
i
∂t
, GLab(t, q) = J i aJ j bGEij(t,x) . (44)
The last expression implies BE(t, xi(qa)) = BL(t, qa)
and χLab = J i aJ j b χEij . So the spatial dependences
are easily transformed with the use of the spatial
transformation (17). Moreover, the spatial depen-
dences of BE(t, xi(qa)) and BL(t, qa) are dynamically
related: Suppose that at initial time both Lagrangian
and Eulerian frames overlap in their spatial position,
i.e., BE(t, xi(qa))|t=t0 = BL(t0, xi)|x=q. Then the
shift/displacement is just zero at initial time. After some
finite time of gravitational evolution, the fluid element
will have some finite coordinate velocity in the Eulerian
frame (i.e., a non-vanishing shift). In the Lagrangian
frame, since the observer is comoving with the fluid ele-
ment, the shift is always zero.
Using the relations (44) in Eq. (40), we obtain the Eu-
lerian description with the line element
ds2 = −
(
1−GEij
[
a
∂xi
∂t
] [
a
∂xj
∂t
])
dt2
− 2GEij
[
a
∂xi
∂t
]
dt adxj +GEij a dx
ia dxj . (45)
Using the coordinate transformation (17), we can even
reexpress the Eulerian metric in terms of the 3-
displacement field F i
ds2 = −
(
1−GEij
[
a
∂F iE(t,x)
∂t
][
a
∂F jE (t,x)
∂t
])
dt2
− 2GEij
[
a
∂F iE
∂t
]
dt adxj +GEij adx
iadxj , (46)
where F iE depends now on the Eulerian x, and its La-
grangian derivatives have to be transformed to the Eule-
rian counterpart, e.g., for a Lagrangian derivative of any
S(t, q) we have simply S|a(t, q) = J laS,l(t,x−F ). If we
are only interested at second-order results, these trans-
formations only matter for first-order quantities, and the
dependence and derivatives of intrinsically second-order
terms can just be replaced.
Note that Eq. (45) has been derived without any as-
sumptions about the displacement field F i; in fact, the
displacement field can take arbitrary large values. Our
result is fully non-perturbative, and applies for any cos-
mological model which assumes an FLRW background.
It is also valid for general growth functions.
Relation (46) tells us, that if one has a Lagrangian
description with a synchronous metric solution of the
decomposed form (16), one can immediately obtain the
counterpart in the Eulerian description.
We can also directly apply our findings to obtain fully
non-perturbative relations for A, B and wi in the case
of our cosmological model from section III B. Comparing
the individual elements in (25) and (46) we have
AE(t,x) = −1
2
GEij
[
a
∂F iE(t,x)
∂t
][
a
∂F jE (t,x)
∂t
]
,
(47)
BE(t,x(q)) = BL(t, q) ,
χLij(t,x(q)) = J i aJ j b χEij(t, q) , (48)
wEi (t,x) = −GEij
[
a
∂F jE
∂t
]
. (49)
This is one of our main results. The square bracketed
terms in the above expressions originate from the non-
perturbative peculiar velocity of the fluid element, eval-
uated at its Eulerian position.
It is straightforward to verify the above expressions by
the use of our second-order results for F and BL from
section III A, see Eq. (20) and Eq. (21), respectively, how-
ever one should keep in mind to transform not only the
spatial dependence but also the spatial derivatives. As
explained thoroughly above, this is however trivial when
the solution of the displacement field is known.
Note explicitly, that our reported results also hold with
the inclusion of tensor perturbations. Whenever tensor
perturbations occur at a given order, the tensor pertur-
bations at the higher order will contain spurious elements
coming from the spatial coordinate transformation, dic-
tated by relation (48). (In our case, since the tensor per-
turbations are second order, this will influence the third-
order tensors and beyond.) Thus, tensor perturbations
are not gauge invariant beyond leading order [24, 31].
IV. MAGNETIC PART OF THE WEYL TENSOR
Having derived the above relations, it is reasonable to
ask whether our calculations are fully relativistic. Here
we show that our results do indeed excite the magnetic
part of the Weyl tensor, as long as tensor perturbations
are included in the analysis. For convenience, we shall re-
strict the following derivations to the Lagrangian frame.
The Weyl tensor Cαβγδ is defined to be the trace-less
part of the Riemann tensor
Cµνκλ = Rµνκλ −
(
gµ[κgνσ]R
σ
λ + gµ[σgσλ]R
σ
κ
)
(50)
+
R
3
gµ[κgνλ] .
We define the magnetic part of the Weyl tensor as [33]
Hµν =
√−g
2
uκuλεαβκ(µC
aβ
ν)λ , (51)
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where uµ is the 4-velocity, εα1(N)α2(N)···αN (N) is the
N -dimensional Levi-Civita symbol, with αi(N) =
0, 1, . . . , N , and g = det[gµν ]. Here, the gµν ’s are the
second-order metric coefficients in the Lagrangian frame,
see Eq. (6). In the following, we shall report our results
for the decomposition (19)–(22), but we have also checked
that we arrive at the same result if we had instead chosen
Eq. (6) as the starting point.
In the Lagrangian frame, we have u0 = 1 and ui = 0,
so the above expression for Hµν simplifies dramatically,
and we find the only non-vanishing (spatial) components
Hms(t, q) =
√−g
2
εab0(mC
ab
s)0 , (52)
where the “0” indicates a time derivative with respect to
t. Plugging in the decomposed form of the synchronous
metric (cf. Eq. (19)), and truncate the expressions up to
second order, we first obtain
Hms =
√−g
2a2
{
ε(m
ab
(
χ˙bs)|a − 2B|a F˙b|s)
)
+ ε(m
ab∂s)
[
F˙b|a − Fa|cF˙ |cb
]}
, (53)
where F , B and χbs can be found in Eqs. (20)–(22). On
the RHS of the above expression, the square-bracketed
terms combined with the Levi-Civita symbol are called
the Cauchy invariants, and state that the “Newtonian
part” of the fluid velocity is irrotational [7, 8]. Thus,
the very term is only non-zero for (anti-symmetric) non-
Newtonian contributions (or if the fluid velocity is ro-
tational); the square bracketed term yields a term ∝
Ra which can be interpreted as a source of the frame-
dragging (for the definition of Ra, see Eq. (23)). Also, the
round bracketed term in (53) consists of non-Newtonian
contributions only, so we are left with the purely rela-
tivistic expression
Hms =
√−g
2a2
ε(m
ab
(
χ˙bs)|a
+ 5Hat20
[
∂c∂
c
∇2 Φ|aΦ|bs) + ∂s)Rb|a
])
, (54)
where we have expanded the last term with a ∇2∆−1=˙1,
and Ra is given in Eq. (23). Since the above is already
second order, we can approximate
√−g ' a3. Then, our
final result up to second-order is
Hms = ε(m
ab
(
a
2
∼˙
pi
waves
bs)|a
+ 4
√
at0∇−2q
[
ϕ|as)∇2ϕ|b − ϕ|acϕ|c|bs)
])
. (55)
This holds both for linear and non-linear initial condi-
tions with primordial non-Gaussianity (see section (VI)),
i.e., with the initial conditions given in (5) or (60). As it
can be seen from the above, Hms is excited through ten-
sor contributions, see Eq. (22); the first originates from
the gravitational waves and the second one is due to non-
propagating post-Newtonian tensor perturbations.8
References [10, 11] have also calculated Hms in the
synchronous/comoving gauge, however their results do
not agree with ours. We speculate that our results dis-
agree, because the authors have not solved the wave equa-
tion (7) by the use of Green’s method but approximately
solved the wave equation in two separate regimes, i.e.,
inside and outside of the horizon. As a consequence of
this approximative treatment in [10, 11], gravitational
waves are discarded and tensor “artefacts” are excited
(i.e., tensor perturbations which are non-propagating and
generally of Newtonian and post-Newtonian origin, see
the related discussion in section III A). In fact, the grav-
itational waves they claim to have found are not gravita-
tional waves but indeed non-propagating tensor pertur-
bations of Newtonian origin. Thus, despite the fact that
the authors have used standard perturbation theory to
arrive at their Hms, they obtain an approximative result
on large scales which corresponds to the long-wavelength
approximation (see the related discussion after Eq. (9)).
V. IS MASS CONSERVATION VIOLATED IN
THE LAGRANGIAN FRAME?
Here we wish to comment on recent claims that the
mass conservation in the Lagrangian frame is violated
[34, 35]. The authors give essentially two arguments for
that claim.
A. The missing “dipole term” in the density
First, the authors of [34, 35] claim that in the syn-
chronous/comoving gauge (the “B-gauge” in [35]), mass
conservation is violated at second order because the den-
sity contrast does not have a “dipole term”. From sub-
tracting the second-order kernels for the density, see
our Eqs. (12) and (38), we can extract that dipole term
F E2 − FL2 = Φ,l∇2xΦ,l. This term is however well under-
stood as it is not tied to a general relativistic description,
but already appears at the Newtonian level [1]; the dipole
term appears when relating the Lagrangian mass density,
δL(t, q), to the Eulerian mass density, δE(t,x). Then, ex-
panding the explicit coordinate dependence up to second
8 For an EdS Universe, the Newtonian limit of our expression (52)
has been recently given in Ref. [13], see their Eq. (83). Unfortu-
nately, their expression contains a typo. In their notation, their
Eq. (83) should read Hij = − 12J δabiklfa|k
(
f˙b|jl − f˙b|mhm,c fc|jl
)
.
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order, we have
δE(t,x) = δE(t, q + F ) = δL(t, q) + F aδL|a + . . . (56)
[x(t, q) = q + F (t, q)] ,
where the second-order part of the last combination on
the RHS is, apart from a time coefficient, the said dipole
term. Physically, the Lagrangian and Eulerian mass den-
sities are fundamentally different quantities. The La-
grangian mass density describes the change of (mass per)
volume of a given fluid element with Lagrangian label q.
The Eulerian mass density, however, is a field that de-
scribes the change of all Lagrangian fluid elements. Our
arguments are not tied to a given perturbative descrip-
tion, neither it is to cosmology in specific, but rather are
a concept of general fluid mechanics.
Related to the above, the authors of [35] state that
the (Newtonian) second order density contrast in the La-
grangian frame does not vanish on average, while the one
in the Eulerian frame does. This argument is however
flawed by the fact that they calculate the very averages
of the Lagrangian and Eulerian density in a hypotheti-
cally identical Fourier space, and this is by construction
wrong. Explicitly, the non-local relations between the
Lagrangian and Eulerian densities in their real and their
Fourier spaces is
δL(t, q) =
∫
d3k
(2pi)3
e−ik·q δ˜L(t,k) ↔ δ˜L(t,k) =
∫
d3q eik·qδL(t, q)
l l
δE(t,x) =
∫
d3k
(2pi)3
e−ik·xδ˜E(t,k) ↔ δ˜E(t,k) =
∫
d3x eik·xδE(t,x) .
(57)
Crucially, the Fourier conjugated variable of the Eulerian
[Lagrangian] Fourier space is the Eulerian x [Lagrangian
q], and the Fourier spaces are related via the displace-
ment field in a non-linear fashion. Indeed, when prop-
erly taking the different Fourier spaces into account, also
the Lagrangian density leads to a vanishing average, as
it should (see, e.g., [6, 36, 37]). In conclusion, the van-
ishing of the dipole term in the Lagrangian picture does
not violate “the” mass conservation, because the Eulerian
and Lagrangians densities are physically not equivalent,
so there is no unique mass conservation to satisfy. Of
course, there is a common mutual agreement on the fact
that one should be careful whether the Lagrangian and
Eulerian quantity is needed in a given scenario, e.g., in
case of calculating matter polyspectra we have to stick
with the Eulerian mass density field [34, 35].
B. On gauge artefacts in the
synchronous/comoving coordinates
Second, the authors of [35] state that the relativistic
perturbation scheme in the synchronous comoving coor-
dinates does not resemble the Lagrangian perturbation
theory. Their argument is that there is an integration
constant which does not have any counterpart in (New-
tonian) LPT. In our language, their statement can be
rephrased to the relation of the spatial coordinates
x(t, q) = q + F (t, q) + c(q) , (58)
where c(q) is the said scale-dependent integration con-
stant, and x are the Eulerian coordinates and q the La-
grangian spatial labels. In principle, such an integration
constant does not only arise in the general relativistic de-
scription, but also in Newtonian Lagrangian perturbation
theory [6]; it simply states that the Lagrangian and Eu-
lerian frame are initially not coinciding in their (spatial)
positions, and this displacement induces an initial den-
sity perturbation. In fact, in this paper we deliberately
neglected this initial density perturbation δ0, since one
could in principle demand initial conditions for the gen-
eral growth functions D(t), E(t), etc. such that δ0 = 0
is initially guaranteed (for the inclusion of δ0 6= 0, see
[17]).9
Besides of the two shortcomings reported here, the
authors of [34, 35] neglect the inherent non-linear con-
straints from GR, which become important on large
scales. We refer the interested reader to the Appendix D,
where we derive these non-linear constraints for the den-
sity field in a leading-order approximation (in spatial gra-
dients).
VI. RESULTS FOR ΛCDM WITH PRIMORDIAL
NON-GAUSSIANITY
Here we generalise our findings from above to the case
of a ΛCDM Universe with primordial non-Gaussianity.
9 In GR, one can however not neglect the initial metric perturba-
tion kij in the density, since this would imply that our space-time
would be flat at any time.
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We begin with the Lagrangian frame. Since the calcula-
tional steps and the physical interpretations are exactly
the same as before, we only point out the subtleties in
the initial conditions used in this section, and then state
the final results.
A. Lagrangian frame
We take for the primordial potential
Φ = ϕ+ fNLϕ
2 , (59)
where ϕ is a Gaussian random field, and fNL denotes
a constant component of primordial non-Gaussianity
(PNG). Additionally, to consistently include primordial
non-Gaussianity, we demand non-linear initial condi-
tions. We thus demand for the initial seed metric the
non-linear expression [28, 29]
kab = δab exp
{
10
3
Φ
}
= δab
(
1 +
10
3
Φ +
50
9
Φ2 + . . .
)
,
(60)
where we neglect spatial gradients which should not play
any role in the long-wavelength limit. Explicitly, these
initial conditions are identical with (5) only at the linear
level. We find up to second order [17, 24, 27]
ds2 = −dt2 + γab(t, q) a(t) dqa a(t) dqb , (61)
with
γab(t, q) = kab + 3D(t)
[
ϕ|ab (1 + 2fNLϕ)
+
(
2fNL − 5
3
)
ϕ|aϕ|b +
5
6
δabϕ|cϕ|c
]
+
(
3
2
)2
E(t)
[
4ϕ|ab∇2qϕ− 2δabµ2
]
+
(
3
2
)2 [
D2(t)− 4E(t)] ϕ|acϕ|c|b + piΛCDMab ,
(62)
where a(t) is now the cosmological scale factor for
ΛCDM, and piΛCDMab is the solution of the wave equation
(here we neglect linear tensor modes)
p¨iΛCDMab + 3Hp˙i
ΛCDM
ab −
1
a2
∇2qpiΛCDMab = −
9
2
E
a2
∇2qSab ,
(63)
where H is the Hubble parameter for ΛCDM. We shall
give more details about Eq. (63) in Appendix B, where we
also include linear tensor modes. For details about the
ΛCDM growth functions D and E we refer the reader
to the same Appendix, but their limits in an EdS Uni-
verse for their fastest growing modes are D → at20 and
E → −3/7a2t40. Note however that D and E generally
contain also decaying modes which have to be fixed by
appropriate initial conditions (see also Ref. [17]). From
the solution (62) we immediately obtain the density con-
trast for ΛCDM in the Lagrangian frame10
δL(t, q) = (1 + δ0)
√
det[kab]
det[γab]
− 1 (64)
δ0=0' −3
2
D(t)∇2qϕ− 3D(t)
[(
fNL − 5
3
)
ϕ∇2qϕ
+
(
fNL +
5
12
)
ϕ|aϕ|a
]
+
(
3
2
)2
1
2
[(
D2(t)− E(t)) (∇2qϕ)2
+
(
D2(t) + E(t)
)
ϕ|abϕ|ab
]
, (65)
Again, this result holds for ΛCDM with primordial non-
Gaussianity, and even includes decaying modes. In
Refs. [28] the above has been calculated within the same
cosmology, but they neglected the decaying modes. Our
result agrees with their result if we restrict our expres-
sions to the fastest growing modes.
It is also straightforward to obtain the displacement
field Fa and the scalar perturbation B in that case. Since
the derivation is exactly the same as explained in sec-
tion III A, we just state the final result for the decompo-
sition
ds2 = −dt2 + a2(t) [δij (1− 2B) + χij ]
× [δia + F i|a] [δjb + F j |b] dqa dqb , (66)
which are
FLa (t, q) =
3
2
Dϕ|a +
(
3
2
)2
E
∂a
∇2q
µ2
+
3
2
D
[
fNL − 5
3
]
∂aϕ
2 + 5D
(
C|a +Ra
)
,
(67)
BL(t, q) = −5
3
[
ϕ(q) +
(
1
2
+ fNL
)
ϕ2
]
+
5
2
D(t)
(
∇−2q µ2 −
1
2
ϕ|aϕ|a
)
, (68)
χLab(t, q) = −
9
2
E(t)Sab + 5D(t)∇−2q Sab + piΛCDMab .
(69)
10 Although one could require that the growth functions vanish at
initial time, we should nonetheless include δ0 since the double
time derivatives of the growth functions can generally yield non-
zero contributions to δ0, due to the equivalence principle [18].
We set it here to zero only for simplicity.
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These results are new, and they clearly show how the
PNG component affects the displacement field but also
the space-space scalar perturbation B, where the lat-
ter takes the general relativistic volume dilation into ac-
count. The tensor perturbations are unaffected by PNG
up to second order.
B. Local Eulerian frame
With our findings from section III C we can easily
transform the quantities (67)–(68) to the Local Eulerian
frame. Using the non-perturbative results (47)–(49), we
obtain “up to second order”
AE(t,x) = −9
8
H2D2f2D(t)ϕ,lϕ,l , (70)
BE(t,x) = −5
3
[
ϕ(x) +
(
1
2
+ fNLϕ
2
)]
+
5
2
D(t)
(
∇−2q µ2 +
1
2
ϕ,lϕ
,l
)
, (71)
χEij(t,x) = −
9
2
E(t)SEij + 5D(t)∇−2x SEij + piEij , (72)
wEi (t,x) = −
3
2
HDfD(t)ϕ,i
(
1 +
10
3
ϕ
)
−
(
3
2
)2
H ∂i∇2x
GΛCDM2 (t,x)
− 3
2
HDfD(t)
(
fNL − 5
3
)
∂iϕ
2
− 5HDfD(t) (C,i +Ri) , (73)
where H := aH, where H is the Hubble parameter, and
GΛCDM2 (t,x) =
[
D2(t)
2
fD(t)∇2x(ϕ,lϕ,l)− 2E(t)fE(t)µ2
]
,
(74)
and we have defined the structure growth rate fX(t) =
d lnX/d ln a, with X 3 {D,E}, such that ∂tX = HfXX.
Note that for an EdS Universe we have fD → 1, fE → 2,
H → 2/(3t) [1], and GΛCDM2 → G2 a2t40, where G2 is
given in Eq. (36).
For the Eulerian density we obtain
δE(t,x) = −3
2
D(t)∇2xϕ(x) +
(
3
2
)2
FΛCDM2 (t,x)
− 3D(t)
[(
fNL − 5
3
)
ϕ∇2xϕ
+
(
fNL +
5
12
)
ϕ,lϕ
,l
]
, (75)
with
FΛCDM2 (t,x) =
1
2
[(
D2 − E) (∇2xϕ)2 + 2D2 ϕ,l∇2xϕ,l
+
(
D2 + E
)
ϕ,lmϕ
,lm
]
. (76)
In the EdS limit the above yields FΛCDM2 → F2a2t40,
where F2 is given in Eq. (38). The expressions derived
in this section denote our final result related with the
displacement field.
VII. CONCLUSIONS
We have derived relativistic solutions for the La-
grangian (3-)displacement field with vanishing time-
displacement for an irrotational dust component up to
second order in standard perturbation theory (i.e., not
the gradient expansion technique), for both an EdS
and ΛCDM Universe, including a primordial compo-
nent of local non-Gaussianity. Generally, GR allows
for four-dimensional displacements, so the three ap-
proaches we consider here are the only ones that deliver
a purely spatial Lagrangian displacement. Needless to
say, in all three approaches we arrive at the same 3-
displacement, in which the bulk part is governed by New-
tonian Lagrangian perturbation theory, but the derived
3-displacement contains also some relativistic corrections
which should become important on large scales. Since the
temporal gauge condition of the four-displacement is in
these three approaches identical (i.e., we demand a van-
ishing time-displacement), we also arrive at a physically
equivalent Eulerian frame, which we call the fundamental
Eulerian frame.
Our starting point is in all three approaches the rel-
ativistic solution in a synchronous/comoving coordinate
system, which we identify to be the Lagrangian frame.
The corresponding synchronous/comoving metric can be
obtained by the use of the gradient expansion technique
or standard perturbation theory (SPT), but to solve for
the time evolution of the tensor perturbations within the
horizon, we have to rely on approximation techniques
which deliver the gravitational wave equation (see the re-
lated discussion after Eq. (9)), otherwise the correspond-
ing Newtonian limit contains spurious non-propagating
tensor modes. Since the gradient expansion technique
is not able to produce such a wave equation, it is also
impossible to derive the Newtonian limit in the tensor
sector within the gradient expansion technique. To ac-
count for the tensor perturbations, we have solved the
gravitational wave equation, Eq. (9), in accordance with
SPT, and thus have formally departed from the gradient
expansion technique.
In the first of the aforementioned approaches, we for-
mally do not change the coordinate system to arrive at
the displacement field, but instead split the synchronous
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metric in a convenient way (see the line element below).
In the second approach, we perform a Eulerian gauge
transformation from the Lagrangian to a Eulerian frame,
where the displacement field acts as the spatial gauge
generator. The third approach is based on the ADM ap-
proach, and can be viewed as the non-perturbative gen-
eralisation of the second approach.
Having obtained a relativistic Eulerian/Lagrangian
correspondence, we have also derived the accompanied
Newtonian part and the relativistic corrections. To avoid
confusion in the following discussion about the relativis-
tic corrections, we stick to the first of the three aforemen-
tioned approaches, where the synchronous/comoving line
element is split according to
ds2 = −dt2 + a2(t) γab(t, q) dqa dqb
= −dt2 + a2(t) [δij (1− 2B) + χij ]
× [δia + F i|a] [δjb + F j |b] dqa dqb . (77)
The purely scalar perturbation (B) of the relativistic cor-
rections leads to a spatial volume dilation, which con-
sequently leads to a small change of the mass density.
The longitudinal part F
‖
a contains the Newtonian and
relativistic part of the longitudinal displacement field
(Fa = F
‖
a + F⊥a ). The vector part of the relativistic
corrections, which results from scalar induced perturba-
tions at second order, can be easily interpreted in the
Lagrangian formalism as being a transverse component
in the displacement field F⊥a ; it leads to a relative frame
dragging between the Lagrangian and Eulerian frame.
We have also discussed in detail the secondary induced
tensor perturbations at second order, which we can group
into three distinct kinds, namely
1. gravitational waves,
2. relativistic non-propagating tensor perturbations,
and
3. non-relativistic non-propagating tensor perturba-
tions.
The latter actually cancel entirely out in the Eulerian
frame, when we solve the gravitational wave equation (7)
by the use of Green’s method. Since these non-relativistic
non-propagating tensor perturbations vanish when we
properly account for the time evolution of the tensors,
we consider them to be rather tensor artefacts than true
“Newtonian tensor perturbations”. If we do not solve
for the gravitational waves, these tensor artefacts sur-
vive and flaw the Newtonian limit at second order (the
Newtonian limit should obviously not include any tensor
contributions at any order). The tensor perturbations
of the second kind cancel only partially out in the syn-
chronous/comoving coordinate system (and also in the
Eulerian gauge). The [partial] cancellation of tensor per-
turbations of the second [third] kind occurs, since we ob-
tain tensor perturbations from two distinct sources, i.e.,
• the synchronous/comoving 3-metric, γab, contains
tensor perturbations coming from the solution of
the gravitational wave equation (piab);
• however and crucially, even without piab, the metric
γab contains intrinsic tensor perturbations excited
through non-linear terms.
The latter tensor perturbations arise simply because one
has to decompose γab into scalar, vector and tensor per-
turbations (in Appendix A we describe how such a de-
composition works at any order), and since the metric
contains non-linear features, it therefore also excites ten-
sor perturbations. We have shown that the tensor per-
turbations of the second kind are related with the frame
dragging. Not only to prove that, but also to show that
our solutions are of relativistic origin, we have calculated
the magnetic part of the Weyl tensor and find that it is
sourced by the tensor perturbations of the first and of
the second kind. Using our formalism, we then showed
that the non-propagating tensor perturbations of the sec-
ond kind disappear when we transform our results to the
Poisson gauge (see the Appendix C). Thus, the only ten-
sor perturbations which survive in the Poisson gauge are
related to actual gravitational waves.11 This feature un-
derpins the assertion that the Poisson gauge is gener-
ally a preferred Eulerian frame (see e.g., [17]). However,
when applied, e.g., to provide relativistic initial condi-
tions in (Newtonian)N -body simulations, we believe that
the 3-displacement we have derived here is more suitable
than the 4-displacement field related with the Poisson
gauge, simply because in the case of the Eulerian gauge
we only have to displace the particles in their spatial
position. Nonetheless, we have given the coordinate con-
ditions which relate the Poisson gauge and the Eulerian
gauge (see Eqs. (C16) in the Appendix C).
Note that all reported GR corrections should be fairly
suppressed at most scales of interest w.r.t. the respec-
tive Newtonian contributions, but they can become im-
portant on large scales, especially when one includes the
biasing and the gravitational evolution in redshift space
in the analysis [40].
Recently, there has been claims that the mass conser-
vation in the Lagrangian frame is violated, and we have
attributed the section V to give clarifying arguments why
this claim seems to be flawed. First and foremost, there
is no unique concept of mass conservation simply because
the Eulerian and Lagrangian mass density are different
quantities by construction. The Lagrangian mass density
indicates the (mass per) volume of a given fluid element
with Lagrangian label q, whereas the Eulerian density
is a field that describes the whole density map, i.e., it
includes the mass conservation of all (Lagrangian) fluid
11 Starting from a different formalism, the disappearance of these
non-propagating tensor perturbations has been also noted in
Ref. [24].
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elements. When properly taking this fact into account,
e.g., transforming the Lagrangian density to the Fourier
space of the conjugated Eulerian space, the mass is in-
deed conserved.
Finally, we wish to comment on our choice of initial
conditions. To make connections with results known
from the earlier literature, we have deliberately used in
the beginning sections II and III linear initial conditions
equivalent to the linear seed metric k
(1)
ab = δab(1 +
10
3 Φ),
whereas in sections IV and VI we have used the non-
linear initial conditions kab = δab exp
(
10
3 Φ
)
instead for
our calculations. The use of the linear initial conditions
is rather historically motivated, and one should use the
non-linear initial conditions, since the latter are believed
to be provided by inflation. Nonetheless, all final results
reported here are given for linear as well as non-linear
initial conditions.
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Appendix A: Generalised Helmholtz-Hodge
decomposition
Here we give some useful relations which are needed
to disentangle the various physical contributions in the
synchronous metric. The decomposition valid for any
tensor Tij is useful [39],
Tij =
δij
3
Qˆ+
(
∂i∂j − δij
3
∇2
)
Tˆ ‖ + 2Tˆ⊥(i,j) + Tˆ
T
ij , (A1)
where Qˆ is the trace of Tij ; Tˆ
⊥
i is a divergence-free
vector; and for the transverse traceless tensor, we have
∂j TˆTij = δ
ijTTij = 0. It is then straightforward to define
the corresponding projection operators
Tˆ ‖ =
3
2
∆−1∆−1∂i∂jTij − 1
2
∆−1Qˆ , (A2a)
εkliTˆ⊥i,l = ∆
−1εkli∂j∂lTij , (A2b)
where εkli is the Levi-Civita symbol, and ∆−1 is the in-
verse Laplacian. Having derived Qˆ, Tˆ ‖, and Tˆ⊥i , one can
derive the tensor contributions by trivial subtraction
TˆTij = Tij −
δij
3
Qˆ−
(
∂i∂j − δij
3
∇2
)
Tˆ ‖ − 2Tˆ⊥(i,j) .
(A2c)
For vector fields, a similar decomposition as the one
above is well-known, the so-called Helmholtz-Hodge de-
composition. Its validity follows from the Helmholtz the-
orem of vector calculus. That the tensor decomposi-
tion (A1) is valid at any order follows by generalising the
Helmholtz theorem to tensor fields, so we call the above
decomposition the generalised Helmholtz-Hodge decom-
position.
Note that the (generalised) Helmholtz-Hodge decom-
position involves the non-local operation ∆−1. In New-
tonian theory, the treatment of ∆−1 is trivial when the
boundary conditions are known. Certainly, ∆−1 can be
generalised to be valid on (pseudo-)Riemannian mani-
folds, but the boundary conditions will not be space-
periodic anymore. In this paper, we are only interested in
the Newtonian limit of ∆−1, and leave a fully relativistic
treatment of ∆−1 for a future investigation.
Equipped with the above operators, it is straightfor-
ward to calculate the various contributions from a given
tensor iteratively, i.e., we first have to find the leading
order solution for such a decomposition and then recur-
sively include the next-to-leading-order corrections. All
corrections are superimposed on the lower order pertur-
bations, where the latter are superimposed on the FLRW
background. This means, that the lower order pertur-
bations of some field will generally affect its higher or-
der counterpart (e.g., the second-order solution for T ‖ is
sourced by its first-order solution).
1. Example: Decomposition as in section III A
For demonstrational purposes we apply the above def-
initions to the calculation of section III A. There, we de-
mand up to second order that
γab(t, q) = δab [1− 2B(t, q)] + χab + 2F(a|b) [1− 2B(t, q)]
+ F(c|a)F (c|b) , (A3)
where the displacement can be decomposed into a longi-
tudinal and transverse contribution, i.e., Fa = F
‖
|a +F
⊥
a ,
with F⊥a = εa
bcAc|b. Again, the LHS of (A3) is given by
solving the relativistic constraints and equations of mo-
tion, and we want to derive the quantities from the RHS
in terms of that solution. Here, we choose γab from (6).
First, to find the longitudinal and transverse parts of
the displacement field, we apply the operators (A2a)–
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(A2c) to the Eq. (A3). We find
F ‖ =
1
4
(
3∆−1∆−1∂a∂b − δab∆−1)
×
[
γab + 4F
‖
|abB − F ‖|alF ‖ |l|b
]
, (A4)
F⊥a = 2 ∆
−1∆−1γ[an,p],np
= ∆−1γan,n −∆−1∆−1γpn,a,pn , (A5)
which then yields iteratively (20). Note, that these and
the following relations hold only for the used cosmolgy,
where at first order F⊥a
(1)
= χ
(1)
ab = 0. This can be easily
rectified, if needed. Having the longitudinal and trans-
verse parts of the displacement field, the trace of Eq. (A3)
yields iteratively B, and then it remains to derive the
tensor contribution from γab. We thus have
B =
1
2
− 1
6
δabγab +
1
3
(1− 2B)∇2F ‖ + 1
6
F
‖
|lmF
|lm
‖ ,
(A6)
χab = γab − δab (1− 2B)− 2F(a|b) (1− 2B)− F ‖|alF ‖ |l|b .
(A7)
It is worthwile to stretch out the derivation of the second-
order solution of F ‖(2). We have, step by step,
F ‖(2) =
1
4
(
3
∂a∂b
∆2
− δ
ab
∆
)[
− 20at20Φ|abΦ− 15at20Φ|aΦ|b
−
(
3
2
)2
12
7
a2t40Φ|ab∇2Φ +
(
3
2
)2
12
7
a2t40Φ|acΦ
|c
|b
]
=
1
4
(
3
∂a∂b
∆2
− δ
ab
∆
)[
5at20Φ|aΦ|b − 10∂a∂bΦ2
]
+
(
3
2
)2
a2t40
[
6
7
∆−1µ2
− 9
14
∆−1
∂a∂a
∆
{
(∇2Φ)2 − (Φ|lmΦ|lm)
}]
= 5at20C − 5at20Φ2 −
(
3
2
)2
3
7
a2t40∆
−1µ2 . (A8)
From the second to the third line we have used the iden-
tity ∆−1∂a∂aF (t, q) = F (t, q) twice (for some arbitrary
test function F ), whose validity in the Newtonian limit
can be proven in Fourier space, µ2 = 1/2 [(∇2qΦ)2 −
Φ|cdΦ|cd), and C = 3/2∆−1∆−1µ2 + 1/2∆−1Φ|aΦ|a.
Appendix B: Gravitational wave equation
Here we derive the gravitational wave equation in a
ΛCDM Universe. We choose linear initial conditions
(Eq. (5)) and begin with the 3-metric
gab/a
2 = δab
(
1 +
10
3
Φ
)
+ pi
(1)
ab + pi
(2)
ab
+ 3D
[
Φ|ab
(
1− 10
3
Φ
)
− 5Φ|aΦ|b + 5
6
δabΦ|cΦ|c
]
− 9
2
E
(
Sab − ∂a∂b∇2q
µ2
)
+
9
4
D 2 Φ|c |bΦ|ac ,
(B1)
where we have used Eqs. (6) and (8). In the following
we are interested in solutions for the tensor perturba-
tions pi
(1)
ab and pi
(2)
ab . We therefore define the expansion
tensor (which is, up to a sign, identical to the extrinsic
curvature) as
Θij = −gikg˙kj , (B2)
and derive the ij component of the Einstein equations in
the ADM approach [13]
Θ˙ij + ΘΘ
i
j +
1
4
(Θkl Θ
l
k −ΘΘ)δij +Rij −
R
4
δij −
Λ
2
δij = 0 ,
(B3)
where Θ = Θaa, and R = g
abRab(gab). Then, we obtain
at first and second order respectively
p¨i(1)ij + 3Hp˙i
(1)i
j −
∇2q
a2
pi(1)ij = 0 , (B4)
p¨i(2)ij + 3Hp˙i
(2)i
j −
∇2q
a2
pi(2)ij = −9
2
E
a2
∇2qSij − Ξ(2)ij ,
(B5)
where H = a˙/a, and the ΛCDM time coefficients obey
the partial differential equations
a¨
a
+
1
2
H2 − 1
2
Λ = 0 , (B6)
D¨ + 3HD˙ − 10
9
1
a2
= 0 , (B7)
E¨ + 3HE˙ +
1
2
D˙2 +
10
9
D
a2
= 0 , (B8)
and we have defined
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Ξ(2)i j :=− p˙i(1)aip˙i(1)ja +
1
a2
∂api(1)bi∂api
(1)
jb −
1
a2
∂api(1)bi ∂bpi
(1)
ja +
1
8
δi j p˙i
(1)bap˙i
(1)
ab −
1
2a2
δi j∇2qpi(1)cb pi(1)bc
+
10
3a2
Φ∇2qpi(1)i j +
5
a2
Φ|a∂api(1)i j − 5
3a2
Φ|a∂jpi(1)i a − 3D˙ p˙i(1)ai Φ|aj + 3
2
D˙p˙i(1)i j∇2qΦ− 3D˙p˙i(1)a jΦ|i |a
− 3D
a2
Φ|ia∇2qpi(1)aj −
10
3a2
Φ|a |jpi(1)i a +
10
3a2
∇2qΦpi(1)i j −
3D
a2
∂jpi
(1)ai∇2qΦ|a + 3
D
a2
Φ|ab∂a∂bpi(1)i j
− 3D
a2
Φ|ab∂j∂api(1)ib +
3D
2a2
∂api(1)ij∇2qΦ|a +
3D
a2
∂ipi(1)baΦ|jab − 3D
4a2
δi j∂
api(1)cb Φ|abc − 3D
2a2
δi jΦ
|ab∇2qpi(1)ab
+
3
4
δij p˙i
(1)abD˙Φ|ab − 5
3a2
δi jΦ
|abpi(1)ab −
3
8a2
δi j∂
api(1)cb ∂api
(1)
bc +
1
4a2
δi j∂
api(1)cb ∂bpi
(1)
ac . (B9)
When linear tensor modes are absent, we have Ξ(2) =
0. Also note that Eq. (B6) is a combination of the two
Friedmann equations. Equations (B7)–(B8) are actually
the evolution equations for the first-order and second-
order time coefficients; they agree with the integrated
versions in Ref. [17].
Appendix C: Results in the Poisson gauge
In this section we revisit the Lagrangian transforma-
tion to the Poisson gauge [18], and discuss in detail what
happens with the tensor perturbations. For simplicity,
we restrict here again to an EdS Universe. We transform
the solution γab from the Lagrangian frame, Eq. (6), to
the Poisson gauge, where the latter is associated with a
(preferred) Eulerian frame. Some of the results below
have been already reported in Refs. [18, 24], but we wish
to specifically focus on the transformation of the tensor
perturbations. Here we restrict to an EdS Universe, for
simplicity.
We transform the Lagrangian solution with coordi-
nates (t, q)
ds2 = gµν(t, q) dq
µdqν = −dt2 + a2(t)γab(t, q) dqadqb ,
(C1)
to the Poisson gauge with coordinates (τ¯ , x¯) and corre-
sponding metric (τ is not the conformal time)
ds2 = gµ˜ν˜(τ,x) dx
µ˜dxν˜
= −[1 + 2A¯]dτ2 + 2aw¯i dτdxi
+ a2
{[
1− 2B¯)] δij + χPij} dxidxj . (C2)
where A¯ and B¯ are scalar perturbations, w¯i is a diver-
genceless vector perturbation, and χPij is a divergenceless
and traceless tensor perturbation. The two coordinate
systems are related by the Lagrangian coordinate trans-
formation
x¯µ(t, q) = qµ + F¯µ(t, q) , (C3)
with
x¯µ =
(
τ¯
x¯
)
, qµ =
(
t
q
)
, F¯µ =
(
L¯
F¯
)
. (C4)
Note that we deliberately have chosen the coordinates
(τ¯ , x¯) instead of (t,x) to account for the coordinate sys-
tem in the Poisson gauge, i.e., these coordinates are not
equivalent to the one from the Eulerian gauge in sec-
tion (III A). To derive (τ¯ , x¯) and the perturbations in
the Poisson gauge, we require the following constraints
for the space-space part, the space-time part and the
time-time part of the metrics, which read respectively
γab(t, q) '−
L¯|aL¯|b
a2
+ 2
L¯|(aw¯b)
a
+ δab
[
1− 2B¯(τ,x)
+
4L¯(t, q)
3t
+
2L¯2
9t2
− 8B¯L¯
3t
]
+ 2F¯(a|b)(t, q)
(
1− 2B¯ + 4L¯
3t
)
+ F¯l|aF¯ l|b
+ χPab(τ,x) , (C5)
0 '−
(
1 + 2A¯+
∂L¯
∂t
)
L¯|a
+ a2(t)
[
1− 2B¯ + 4L¯
3t
]
∂F¯a(t, q)
∂t
+ a2F¯l|a
∂F¯ l
∂t
+ a(t) w¯a(τ,x)
[
1 +
2L¯
3t
+
∂L¯
∂t
]
+ aw¯lF¯l|a ,
(C6)
−1 '− 1− 2A¯(τ,x)− 2∂L¯(t, q)
∂t
− 4A¯∂L¯
∂t
−
(
∂L¯
∂t
)2
+ 2a w¯l
∂F¯ l
∂t
+ a2
∂F¯l
∂t
∂F¯ l
∂t
. (C7)
Now, we can dramatically simplify the calculational
steps, since we have already decomposed γab in the local
Eulerian coordinates (see section III A), which we repeat
here for convenience
γab(t, q) = δab [1− 2B(t, q)] + χab(t, q)
+ 2F(a|b) [1− 2B(t, q)] + Fc|aF c|b , (C8)
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where the results for B, Fa and χab are given in Eqs. (20)–
(22). The solutions for the 4-displacement are then
straightforward to obtain. They are
L¯(t, q) = Φ(q) t+
3
4
t5/3t
4/3
0 Φ|cΦ
|c
− 9
7
t5/3t
4/3
0 ∇−2q µ2 −
7
6
tΦ2 + 4tC , (C9)
F¯a(t, q) = Fa(t, q) + at
2
0
(
C|a +Ra
)
, (C10)
and for the metric perturbations in the Poisson gauge,
we find
A¯(τ,x) ' φN − 4C , B¯(τ,x) ' φN + 8
3
C ,
w¯i(τ,x) = −4τ1/3t2/30 Ri , (C11)
χPij(τ,x) = χij + at
2
0∇−2q Sij ≡∼piij , (C12)
with
φN(τ,x) = −Φ(x) + 3
2
at20∇−2x
[
5
7
Φ|llΦ|mm
+ Φ|lΦ|lmm +
2
7
Φ|lmΦ|lm
]
. (C13)
Having derived the above, it is actually easy to under-
stand where the additional terms in F¯a and χ
P
ab arise
in comparison with Fa and χab. These additional terms
arise because of the first term on the RHS in Eq. (C5),
which is (obviously not apparent in the local Eulerian co-
ordinate system and) induced through space-time mixing
− L¯|aL¯|b
a2
= −at20Φ|aΦ|b . (C14)
Applying the operators to extract the solenoidal, trans-
verse, and the traceless/divergenceless part (see sec-
tion A), which we respectively denote with the super-
scripts ‖, ⊥ and T, we find[−at20Φ|aΦ|b]‖ = −at20C ,[−at20Φ|aΦ|b]⊥ = −at20R ,[−at20Φ|aΦ|b]T = −at20∇−2q Sab .
(C15)
This explains the additional terms in F¯ ‖, F¯⊥a and in χ¯ab,
and we are able to state the relation between the Poisso-
nian coordinates (τ¯ , x¯) and the one from the local Eule-
rian coordinate system, (t,x), which is
τ¯(t, q) = t+ L¯(t, q) ,
x¯(t, q) = x(t, q) + a(t) t20 [∇C(q) +R(q)] .
(C16)
Note that the above relation is only valid up to second
order, e.g., we have approximated a(τ¯) ' a(t) since the
scale factor is decorated with terms which are already
second order.
Appendix D: Non-linear initial constraints for the
density up to two spatial gradients
In this appendix we are interested in the fully non-
linear constraints at large scales, as predicted in GR.
Here, our perturbation analysis differs from the one in
the rest of this paper, since we assume that on large
scales terms decorated with spatial gradients are gener-
ally small. Explicitly, we resum all terms in powers of
the primordial potential but keep only terms up to two
spatial gradients. Here, we also restrict to scalar pertur-
bations only, although similar considerations should hold
for vector and tensor perturbations.
From the gradient expansion, we have up to two spatial
gradients [16]
γab = kab +
9D(t)
20
(
Rˆkab − 4Rˆab
)
≡ exp
{
10
3
Φ
}[
δab +
9D(t)
20
(
Rˆδab
− 4 exp
{
−10
3
Φ
}
Rˆab
)]
, (D1)
where the non-linear seed is kab = δab exp{10Φ/3}, and
Rˆ = kabRˆab(kab). The density contrast is then up to two
spatial gradients
δ(t, q)
(δ0'0)
=
√
det kab
det γab
− 1
≡ det
[
δab +
9D
20
(Rˆδab − 4 exp{−10
3
Φ}Rˆab)
]− 12
− 1
' 1√
1− 9D(t)20 Rˆ
− 1 ' 9D(t)
40
Rˆ
≡ −D(t) exp
{
−10
3
Φ
}[
3
2
∇2qΦ +
5
4
Φ|lΦ|l
]
.
(D2)
The last line is a very powerful result, since it can be
used to estimate the inherent non-linearities in general
relativity at any order on superhorizon scales [29]. On
large scales, velocity terms ∝ ∇qΦ do not survive, such
that the above reduces to
δsuper−horizon(t, q) ' δ(1)(t, q)
[
1− 10
3
Φ
+
50
9
Φ2 − 500
81
Φ3 + . . .
]
, (D3)
δ(1)(t, q) := −3
2
D(t)∇2qΦ .
Comparing this with the predictions from a cosmology
with local-type primordial non-Gausianity with the large-
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scale contributions [29]
δsuper−horizon(t, q) ' δ(1)(t, q)
[
1 + 2fNLΦ
+ 3gNLΦ
2 + 4hNLΦ
3 + . . .
]
, (D4)
we can easily read-off the inherent local non-linearities
from GR on large scales
fGRNL = −
5
3
, gGRNL =
50
27
, hGRNL = −
125
81
. (D5)
This result is in agreement with the findings in Ref. [29].
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